Axion-like-particles (ALPs) emitted from the core of magnetars can convert to photons in the strong magnetic field of the magnetosphere. We study such emissions in the soft gamma-ray range from 300 keV to 1 MeV, where the ALP spectrum peaks and astrophysical backgrounds from resonant Compton upscattering are expected to be suppressed. Using published quiescent soft-gamma flux upper limits in 6 Magnetars obtained with CGRO COMPTEL, INTE-GRAL SPI/IBIS/ISGRI and the Fermi Gamma Ray Burst Monitor (GBM), we put limits on the ALP-photon coupling obtained from conversions, assuming that ALP emission from the core is just sub-dominant to bounds from neutrino cooling. For core temperatures of 10 9 K, the constraints on the ALP-photon coupling coming from magnetars 1E 2259+586 and J170849.0-400910 are better than the current limits obtained from the CAST experiment. We provide a detailed study of the dependence of our results on the magnetar core temperature. Our results motivate a program of studying quiescent soft gamma ray emission from magnetars in the 300 keV -1 MeV band with the Fermi -GBM.
I. INTRODUCTION
The axion arises in the context of a solution to the strong CP problem of QCD and is a plausible cold dark matter candidate [1] [2] [3] . The search for axions, and more generally axion-like-particles (ALPs) (for which the relationship between particle mass and the Peccei-Quinn scale is relaxed), now spans a vast ecosystem ranging from helioscopes, haloscopes, interferometers, beam dumps, fixed target experiments, and colliders. We refer to [4] for a review of this growing literature.
Our interest in this paper will be centered on the question of indirect detection of ALPs, specifically their conversion into photons in the magnetospheres of neutron stars with strong magnetic fields (magnetars) [5] [6] [7] . The mechanism is as follows 8 : relativistic ALPs (a) emitted from the core by nucleon (N ) bremsstrahlung (from the Lagrangian term L ⊃ g aN (∂ µ a)N γ µ γ 5 N ) escape into the magnetosphere, where they convert to photons (from the Lagrangian term L ⊃ − 1 4 g aγγ aF µνF µν ) in the presence of the neutron star magnetic field B. The ALP emission rate has a very strong dependence on core temperature to the sixth power [9 and 10] while the conversion rate increases with stronger B, making magnetars, with their high core temperatures of ∼ 10 9 K and strong magnetic fields ∼ 10 14 G, a natural target for these studies.
The purpose of this paper is to initiate an investigation of the signals resulting from ALP-photon conversions in the quiescent soft-gamma ray spectrum (300 keV -1 MeV) emanating from magnetars. Such signals have been probed in the soft and hard X-ray spectrum in previous work by one of the authors [5 and 6] . Since the peak of photon energies arising from ALP-photon conversion lies in the soft gamma ray band, this is an especially important regime to explore. Moreover, while searches for new physics in the soft and hard X-ray emission from magnetars must contend with background from thermal emission and resonant Compton upscattering respectively, the astrophysical background in the soft gamma-ray regime is relatively suppressed, as we shall discuss in detail.
Starting with the photon polarization tensor, we provide expressions for the photon refractive indices in the strong and weak magnetic field regimes for photon energies ω 2m e , where m e is the electron mass 11 . The coupled ALP-photon propagation equations are then solved numerically using the appropriate refractive indices. Assuming that g aN is such that ALP production from nucleon bremsstrahlung in the core is just sub-dominant to neutrino production by modified URCA processes, we calculate the photon luminosity coming from ALP conversions and constrain g aγγ by requiring that this luminosity be less than the observed soft gamma-ray flux. The calculations are performed for a selection of 6 magnetars using published quiescent soft-gamma flux upper limits obtained with CGRO COMPTEL, INTEGRAL SPI/IBIS/ISGRI and the Fermi Gamma Ray Burst Monitor (GBM). For two magnetars, 1RXS J170849.0-400910 and 1E 2259+586, the limits on the ALP-photon coupling g aγγ beat the current limits from the CERN Axion Solar Telescope (CAST) for ALP masses m a 10 −4 eV, assuming a core temperature of 10 9 K. We also study the robustness of our results as the core temperature is varied.
The main message of our paper is the following: quiescent soft gamma-ray emission from magnetars is a fertile target to investigate the physics of ALPs. The F ermi-GBM is a very useful instrument to determine the upper limit (UL) soft gamma-ray fluxes of the 23 confirmed magnetars from the McGill magnetar Catalog. A study of these magnetars by F ermi-GBM could yield very restrictive constraints on the ALP-photon coupling.
Before proceeding, we briefly place our paper in the context of prior work on ALPs and magnetars. In [12] , cooling simulations, combined with surface temperature measurements of 4 thermal X-ray emitting pulsars (PSRs), have been used to determine m a <(0.06-0.12 eV) for the QCD axion. In the gamma-ray regime, the authors of [13] have used 5 years of pass 7 Fermi -LAT gamma-ray observations of radiative axion decay in 4 nearby PSRs to constrain m a <0.079 eV for the QCD axion, albeit reliant on very high pulsar core temperatures [7] to enhance the production rate appreciably. In contrast to cooling or decay, our work relies on conversions from ALPs to photons in the magnetosphere; moreover, we take a benchmark core temperature of 10 9 K. This paper is structured as follows. In Section II we discuss the phenomenology of ALP-photon conversions and compute the predicted emission. The details of the calculation of the predicted luminosity and the photon refractive index are contained in two appendices. In Section III we list our magnetar selection and previously obtained soft gamma determinations obtained by INTE-GRAL, the Compton Gamma Ray Observatory (CGRO) and the Fermi satellite. In Section IV we discuss the astrophysical background stemming from resonant Compton upscattering, whilst in V we consider the range of possible core temperatures for the magnetars in our sample. In Section VI we present our main results: the bounds on the ALP-photon coupling are shown in Figure  1 , while the dependence of our results on the core temperature are shown in Figure 2 and Figure 3 . In Section VII we discuss how the GBM could be used to make further magnetar observations in the soft gamma-ray band. Finally in Section VIII we summarise our findings and make suggestions for future work.
II. PHENOMENOLOGY
In this section, we discuss the predicted luminosity from ALP-photon conversion in the magnetosphere. We assume a dipolar magnetic field defined by
ALPs propagating radially outwards from a magnetar obey the following evolution equations derived in [14] i d dx
We note that the parallel and perpendicular electric fields are denoted by E (x) and E ⊥ (x), respectively, while a(x) denotes the ALP field. The distance from the magnetar is given by the rescaled dimensionless parameter x = r/r 0 , where r is the distance from the magnetar and r 0 its radius. The energy of the photon is given by ω, the ALP mass by m a , and the ALP-photon coupling by g aγγ . The angle made by the direction of propagation with respect to the external magnetic field is given by θ.
The refractive indices n and n ⊥ are obtained from the photon polarization tensor, which can be worked out at one-loop level in various limits of the photon energy ω and the strength of the magnetic field B relative to the quantum critical magnetic field B c . The critical magnetic field is given by B c = m 2 e /e = 4.413 × 10 13 G. Here e = √ 4πα and the fine structure constant is given by α ≈ 1/137. Near the surface, the magnetic field of the magnetars we consider typically exceeds the quantum critical value.
We are thus in the regime ω 2m e and B > B c . The corresponding refractive indices are given in Eq. B15. Given the spatial dependence from Eq. 1, the magnetic field decreases to below the critical strength at a distance ∼ 3r 0 . Beyond that, we are in a regime where ω 2m e and
The corresponding refractive indices are given in Eq. B14. We provide further details in Appendix B.
After calculating the parallel refractive index n , the probability of conversion can be obtained as a function of the ALP-photon mixing g aγγ and the mass m a by numerically solving Eq. 2. The interesting regime for conversion turns out to be r = r a→γ ∼ O(1000) r 0 (the "radius of conversion), where the conversion probability becomes large. This can be understood from the fact that the ALP-photon mixing becomes maximal when ∆ M ∼ ∆ . Far away from the surface, ∆ M ∼ 1/r 3 , while ∆ ∼ 1/r 6 from Eq. B14, with the two becoming equal around r a→γ .
Along with the probability of conversion, we require the normalized ALP spectrum and the number of ALPs being produced from the core of the magnetar. Integrating the product of these quantities over the ALP energy range ω ⊂ (ω i , ω f ) = (300 keV, 1000 keV) gives us the final predicted luminosity from ALP-photon conversions. Our master equation for the final predicted photon luminosity is Eq. A3, which we solve numerically. A semianalytic calculation following [6] is also performed to validate our results. We provide further details in Appendix A.
III. MAGNETAR SELECTION AND UL SOFT GAMMA-RAY FLUX DETECTION
We select 6 magnetars which have published ULs for differential energy fluxes in the soft gamma-ray band 300 keV to 1 MeV (Table I ). The UL fluxes are obtained from the INTEGRAL Soft Gamma-Ray imager (ISGRI) detector, on the angular resolution Image on Board instrument (IBIS) and INTEGRAL spectrometer (SPI), and from the non-contemporaneous observations of the COMPTEL instrument on the Compton Gamma-Ray Observatory CGRO and the Fermi -GBM. [15] [16] [17] .
ISGRI is a coded tungsten mask instrument with cadmium-telluride detectors sensitive to photons with energies in the range ∼ 15 keV to 1 MeV [18] . SPI is a coded aperture tungsten mask instrument with germanium detectors and a bismuth germanate (BGO) anti-coincidence detector. SPI is sensitive to photons in the range 20 keV to 8 MeV [19] . The COMPTEL instrument [20] was a liquid scintillator/NaI detector sensitive to photons in the energy range 0.75 MeV to 1 MeV. Finally, the Fermi -GBM has two detection systems, the first, composed of 12 sodium iodide (NaI) detectors, oriented in different directions, is sensitive to photons <1 MeV whereas the second composed of 2 BGO detectors, is sensitive to photon energies in the range 150 keV − 30 MeV [21] . The flux measurement of [17] is obtained using only the NaI detectors.
We extract UL fluxes from the original spectral energy distributions of [15 and 16] , in a conservative manner, as the sum of CGRO COMPTEL determinations in range 0.3−1 MeV and adjacent INTEGRAL IBIS-ISGRI measurements in the 200-300 keV band. The UL flux obtained from the Fermi -GBM is from [17] and is a single pulsed UL in the 0.5-2 MeV band.
IV. SOFT GAMMA RAY BACKGROUND
Magnetars exhibit thermal X-ray emission below 10 keV and a hard pulsed non-thermal X-ray emission with power law tails above 10 keV. This hard X-ray emission can extend to between 150 − 275 keV [27] [28] [29] and appears to turn over above 275 keV due to ULs being obtained with INTEGRAL SPI (20−1000 keV) and CGRO COMPTEL (0.75−30 MeV) [15] . A spectral break above 1 MeV is also inferred by the non-detection of 20 magnetars using Fermi -LAT above 100 MeV [30] . The hard Xray emission is most likely caused by resonant Compton upscattering (RCU) of surface thermal X-rays by nonthermal electrons moving along the magnetic field lines of the magnetosphere. The initial modeling of [31] , using B field strengths typical of magnetars, at three times the quantum critical field strength B c produces flat differential flux spectra with sharp cut-offs at energies directly proportional to the electron Lorentz factor (γ e ) and places the maximum extent of the Compton resonasphere within a few stellar radii of the magnetar surface.
In [32] , Monte-Carlo models of the RCU of soft thermal photons, incorporating the relativistic QED resonant cross section, produces flat spectra up to 1 MeV for highly relativistic electrons (γ e =22), whilst mildly relativistic electrons (γ e =1.7) demonstrate spectral breaks at 316 keV. In [33] , an analytic model of RCU, considering relativistic particle injection (γ e >>10) and deceleration within magnetic loops predicts a spectral peak at ∼ 1 MeV and a narrow annihilation line at 511 keV (both as yet unobserved). This model also places the active field loops emitting photons at 3−10 stellar radii for a surface B field of ∼ 10 15 G.
The analysis of [31] is recently extended in [34] , allowing for a QED Compton cross scattering section which incorporates spin-dependent effects in stronger B fields. Electrons with energies < ∼ 15 MeV will emit most energy below 250 keV which is consistent with the hard inferred X-ray turnover above. In [34] , the maximum resonant cut-off energy can reach a peak of 810 keV, for γ e =10 at some magnetar rotational phases and viewing angles which violates COMPTEL ULs, however the model neglects the effects of Compton cooling and attenuation processes such as photon absorption due to magnetic pair creation (γ → e + e -) and photon splitting (⊥ → ). Also, the effect of electron Compton cooling is expected to steepen the cut-offs seen in the predicted hard X-ray spectral tails and allow the models to then be in agreement with the COMPTEL ULs. The emission region is placed at 4 − 15 and 2.5−30 stellar radii for γ e values of 10 and 100 respectively.
The attenuation processes of magnetic pair creation and photon splitting which act to suppress photon emission in RCU are considered in detail in [35] for typical magnetar surface B fields of 10 B c . In this case, the photon splitting opacity alone constrains the emission region of observed 250 keV emission in magnetars to be outside altitudes of 2-4 stellar radii and photons emitted from the magnetar surface at magnetic co-latitudes <20°can escape with energies >1 MeV for typical magnetar surface B fields of 10 B c . Also the emission of photons from field loops at <2 stellar radii is suppressed with photon escape energies of no greater then 287 keV. In contrast, emission regions at altitudes of >5 stellar radii guarantee escape of 1 MeV photons at nearly all co-latitudes. The photon opacity caused by pair creation is shown to be much less restrictive and does not impact the <1 MeV band. Finally Fig 8 of reference [35] shows the maximum energies produced by the resonant Compton process alongside the photon escape energies allowed by the photon splitting process (i.e. the maximum photon energies which can escape to an observer) as a function of magnetar rotational phase and obliqueness of rotation (which is the misalignment of the magnetic and rotational axis) and observer angle. It shows that photon emission >1 MeV is permitted at some but not all rotational phases in the meridional case and that in most cases the RCU emission will vary with rotational phase in the 300 keV − 1 MeV band. Therefore, the RCU process may produce a background to the signal we wish to measure and this background might be expected to produce pulsed emission when photon opacity due to photon splitting is taken into account. On the other hand, a spectral turn over is possible if the electrons in the magnetosphere field loops are mildly relativistic. In addition, pulsed emission in magnetars has not been observed in the 300 keV − 1 MeV band which would be suggestive of an RCU emission mechanism. We also note that photon splitting / pair creation opacity will not attenuate photon emission <1 MeV at >10 stellar radii [35] . As axion to photon conversion will occur at ∼ 300 stellar radii, photon opacity processes can be disregarded. In addition, the 440 magnetar bursts observed with the Fermi -GBM over 5 years have been spectrally soft with typically no emission above 200 keV [36] .
A reasonable assumption resulting from the above discussion would be that there is no RCU background and that all emission in the 300 keV − 1 MeV band results from ALP to photon conversion. We instead opt for a slightly more conservative approach and require that any emission from ALP-photon conversion be bounded by the observed emission. This results in ULs on the ALP-photon coupling.
V. MAGNETAR CORE TEMPERATURE
We now summarise the need for a magnetar heating mechanism over and above that found in conventional pulsars and discuss temperature modelling which sup-ports the range of values we have chosen for the magnetar core temperature (T c ).
The quiescent X-ray luminosity of magnetars of 10 34 −10 35 erg s -1 exceeds the spin down luminosity of 10 32 −10 34 erg s -1 , thus excluding rotation spin down as the sole magnetar energy source. Furthermore, the lack of Doppler modulation in X-ray pulses arising from magnetars indicates a lack of binary companions, which combined with the slow periods of magnetars (2−12 s) excludes an accretion powered interpretation [38 and 39] .
In reference [40] , the authors show the need for heating by theoretical cooling curves for neutron stars of mass 1.4 M , with and without proton superfluidity in the core, which yield effective surface temperatures below those observed in seven magnetars (including four in our selection, namely: 1E 1841-045, 1RXS J170849.0-400910, 4U 0142+61 and 1E 2259+586). They then use a general relativistic cooling code which accounts for thermal losses from neutrino and photon emission and allows for thermal conduction to show that magnetars are hot inside with T c =10 8.4 K at age 1000 yr and temperatures of 10 9.1 K in the crust, where the heat source should be located for efficient warming of the surface, to offset neutrino heat losses from the core.
The authors of [41] consider the case of magnetars born with initial periods of ≤ 3 ms combined with a strong internal toroidal B field of ≥ 3 × 10 16 G and an exterior dipole B field of ≤ 2 × 10 14 G. In this case, efficient heating of the core can occur via ambipolar diffusion which has a time varying decay scale as a function of T c and B field strength. As the core cools, an equilibrium is established between increasing B field decay and reducing neutrino emission, leading to reduced cooling which can keep T c at 10 8.9 K 2250 yr after magnetar creation.
The magnetar temperature modeling of [42] considers heating throughout the magnetar core arising from magnetic field decay and ambipolar diffusion, together with the cooling caused by the neutrino emission of the modified URCA process and Cooper pairing of nucleons. In this case, the authors find that strong core heating cannot account for the observed surface temperatures and conclude that, as in the case of [40] , high surface temperatures require heating of the crust, rather than the Fig. 1 The constraints on the ALP-photon coupling gaγγ for the six magnetars in our sample. The constraints are obtained for emissions in the energy range 300 keV -1 MeV. The core temperature is assumed to be 10 9 K. The ALP-nucleon coupling g aN is assumed to be such that the ALP luminosity is just sub-dominant to neutrino luminosity at a given temperature. All other constraints are taken from Fig. 6 of [37] . core, with the crust and the core being thermally decoupled from one another. However the authors of [42] show that T c at 10 4 yr can vary between 0.8 × 10 8 K with no heating of the superfluid core, 1.4 × 10 8 K with heating of the crust and 5 × 10 8 K with core heating. At 10 3 yr, with heating of the superfluid core, T c can reach 7 × 10 8 K.
The strong B field of magnetars can produce strongly anisotropic thermal conductivity in the neutron star crust whilst also allowing the synchrotron neutrino process to become a predominant cooling mechanism while other contributions to the neutrino emissivity are far more weakly suppressed. These effects allow the temperature at the base of the crust heat blanketing envelope to reach 10 9.6 K while the surface temperature remains at 10 5 and 10 6.7 K [43], for a B field parallel and radial to the neutron star surface respectively. This is compatible with the observed surface temperatures of 10 6.5 − 10 6.95 K for the seven magnetars in [40] and could allow T c to exceed 10 9 K.
Finally, the quiescent luminosity of magnetars 10 34 −10 35 erg s -1 implies a T c of (2.7 − ≥ 8.0) × 10 8 K for a magnetar with an accreted iron envelope and (1.0 − 5.5) × 10 8 K for an accreted light element envelope [44] .
There are no published T c values for the magnetars in our selection. We therefore study the dependence of our results on a range of core temperatures. Fig. 2 The luminosity as a function of the core temperature for the different magnetars in our study. The ALP mass is fixed at 10 −7 eV and the ALP-photon coupling for each magnetar is fixed at the value given in Table II .
VI. RESULTS
The luminosity resulting from ALP-photon conversion in the energy range 300 keV -1 MeV for the magnetars in Table I is calculated from Eq. A3. The constraints on g aγγ for T c = 10 9 K are shown in Figure 1 . We see that for magnetars 1RXS J170849.0-400910 and 1E 2259+586, the limits on the ALP-photon coupling coming from conversions rival the current CAST limits for masses m a 10 −4 eV.
The ULs on the ALP-photon coupling g aγγ for the different magnetars in our sample are shown in Table II . For 1RXS J170849.0-400910 and 1E 2259+586, the ULs on g aγγ are 5.69×10 −11 GeV −1 and 5.68×10 −11 GeV −1 , respectively. For the other magnetars in our sample, the ULs are weaker, but still almost competitive with CAST limits.
The constraints become weak and taper off for m a 10 −4 eV. This can be understood from the fact that the ALP-photon mixing angle becomes small for large ALP masses and the probability of conversion becomes highly reduced. Table II Results: The upper limit on the ALP-photon coupling gaγγ obtained from conversions for the different magnetars in our sample. The ALP mass is chosen to be 10 −7 eV for all benchmarks shown in this table. The ALP-nucleon coupling is taken to be such that the ALP luminosity is just sub-dominant to the neutrino luminosity at a given temperature. The core temperature is taken to be 10 9 K.
The luminosity as a function of the core temperature T c is studied in Fig. 2 . The ALP mass is fixed at 10 −7 eV and the ALP-photon coupling for each magnetar is fixed at the value given in Table II . We can see that there is a steep reduction in the luminosity with decreasing core temperature. This can be understood from the temperature dependence of the nucleon bremsstrahlung process as well as the normalized ALP spectrum.
In Fig. 3 , the constraints on the ALP-photon coupling g aγγ are shown as a function of the core temperature. The ALP mass is fixed at 10 −7 eV and the luminosity from ALP-photon conversion is assumed to saturate the UL luminosity listed in Table I for each magnetar. As the core temperature is reduced, the ALP production from the core drops appreciably and to saturate the UL on the luminosity, the probability of conversion (and hence g aγγ ) must show a corresponding increase. For 1E 2259+586, the core temperature at which the constraint on g aγγ coincides with CAST is 9.63 × 10 8 K. For 1RXS J170849.0-400910, the corresponding value is 9.66 × 10 8 K.
VII. DISCUSSION: PROPOSED MAGNETAR OBSERVATIONS WITH THE GBM
The GBM is a non-imaging instrument with a wide field of view. However, it is possible to assign detected events to pulsar point sources using the Earth Occultation Technique (EOT) or pulsar timing models. EOT uses a predefined catalogue of sources which exhibit step like changes in photon count rate as seen by the GBM, when the sources are eclipsed by or rise above the Earth Fig. 3 The UL on the ALP-photon coupling gaγγ as the core temperature is varied, for the different magnetars in our study. The ALP mass is fixed at 10 −7 eV and the luminosity from ALPphoton conversion is assumed to saturate UL luminosity listed in Table I for each magnetar. The horizontal dashed line shows the current CAST limits. For 1E 2259+586, the core temperature at which the constraint on gaγγ beats CAST is 9.63 × 10 8 K. For 1RXS J170849.0-400910, the corresponding value is 9.66 × 10 8 K.
limb. Initially, 209 sources have been monitored using 3 years of data with 9 sources detected in the 100-300 keV energy band [45] . The 53 day orbital precession period of Fermi can also be used to apply EOT without the use of a predefined source catalogue. Using the Imaging with a Differential Filter using the Earth Occultation Method (IDEOM), the Earth limb is projected onto the sky and used to determine count rates from 600, 000 virtual sources with a 0.25°spacing [46] , identifying 17 new sources.
The Fermi -GBM Occultation project currently monitors 248 sources in the energy range 8 keV − 1 MeV with the majority of the signal being in 12-50 keV band 47 .
In contrast, the author of [17] uses a pulsar timing method rather than an occultation technique. The CTIME data of the GBM is used to provide photon counts for 4 magnetars, 1RXS J170849.0-400910, 1E 1841-045, 4U 0142+61 and 1E 1547.0-5408, obtained with all 12 NaI detectors. The photon counts are attributed to the peak pulsed emission of each magnetar by epoch folding and the use of timing models (obtained with the Rossi X-ray Timing Explorer), which allow each event to be tagged by pulsar phase. This count rate is converted to an energy flux for 7 energy channels between 11 keV − 2 MeV by determining the GBM effective area as a function of photon direction, energy and probability of detection of a photon with a given energy. This yields pulsed ULs, just a factor of a few above those obtained by COMPTEL for J170849.0-400910, 1E 1841-045 and 4U 0142+6.
The GBM is thus a very useful instrument to determine the UL soft gamma-ray fluxes of the 23 confirmed magnetars 48 as listed in the McGill Magnetar Catalog [26] , most of which have no ULs defined in the 300 keV − 1 MeV band of interest in axion conversion.
VIII. CONCLUSIONS
In this paper, we have explored constraints on the ALP-photon coupling resulting from the conversion of ALPs into photons in the magnetosphere of magnetars. The basic mechanism is as follows: relativistic ALPs emitted from the core by nucleon bremsstrahlung escape into the magnetosphere, where they convert to photons in the presence of the neutron star magnetic field. We have studied the resulting ALP-induced quiescent soft-gamma flux (300 keV -1 MeV) in a selection of 6 magnetars, for which there exists published ULs from CGRO COMPTEL, INTEGRAL SPI/IBIS/ISGRI and the Fermi -GBM. The probability of conversion has been calculated from the ALP-photon propagation equations, after properly calculating the photon refractive index in the quantum critical magnetic field.
We discussed the possible astrophysical background in the 300 keV − 1 MeV band and argued that contributions from RCU should be suppressed. A reasonable assumption could be that the observed emission in that band is from ALP-photon conversions; however, we opt for the more conservative requirement that the emission from ALP-photon conversion be bounded by the observed emission. This results in ULs on the ALP-photon coupling depicted in Figure 1 . For a core temperature of 10 9 K, the constraints on the ALP-photon coupling coming from magnetars 1E 2259+586 and J170849.0-400910 are stronger than the limits obtained from the CAST experiment.
When interpreting our results in Figure 1 , the following caveats should be kept in mind:
(i) The luminosity of ALPs produced from the core depends on the ALP-nucleon coupling g aN , which has been taken so that the ALP luminosity is just sub-dominant to the neutrino luminosity at a given temperature.
(ii) Since the magnetars in our selection have no published values of T c , we have studied the dependence of our results on a range of core temperatures. This is shown in Figure 2 and Figure 3 . It is clear that for core temperatures lower than ∼ 9.6 × 10 8 K, our constraints become weaker than the CAST limits.
Our results motivate a program of studying quiescent soft gamma ray emission from magnetars in the 300 keV -1 MeV band by the Fermi -GBM Collaboration. The GBM will be able to determine the UL soft gamma-ray fluxes of confirmed magnetars, most of which have no ULs defined in the 300 keV − 1 MeV band. With these ULs, it is possible that even more stringent constraints on the ALP-photon coupling may be obtained, comparable or beating CAST bounds for even lower core temperatures.
Appendix A: Predicted ALP-photon Luminosity
In this Appendix, we outline our calculation of the predicted photon luminosity coming from ALP-photon conversions. We denote the ALP spectrum from nucleon-nucleon bremsstrahlung production in the core by dN a /dω and normalize it by requiring ∞ 0 dω dN a /dω = 1. For the energy range ω ⊂ (ω i , ω f ), the luminosity is
The number of ALPs emitted by the magnetar, N a , can be bounded by requiring that ALPs are a subdominant source of cooling compared to neutrinos:
withq ν denoting the neutrino emissivity. Integrating the uniform emissivity over the magnetar volume, we obtain
Then, the final expression for the luminosity is
This is our master equation, used to set limits on the ALP-photon coupling. We describe the different ingredients that appear in the master equation: (i) For the normalized ALP spectrum, we use
where x = ω/k B T . This corresponds to ALP production by nucleon bremsstrahlung emission in the degenerate limit [9 and 50] .
(ii) For the neutrino emissivity, we use the case where modified URCA processes are the dominant production mode for neutrinos in the core [44 and 51] ,
with ρ being the magnetar density and ρ 0 = 2.8 × 10 14 g · cm −3 the nuclear saturation density. The onset of proton or neutron superfluidity is parametrized by a suppression factor R M ≤ 1.
(iii) The probability of conversion P a→γ is obtained by numerically solving the propagation equations Eq. 2. For the calculations, we need the refractive indices that appear in Eq. 3. These refractive indices are derived in Appendix B.
Appendix B: Calculation of Refractive Indices
In this Appendix, we provide general expressions for the photon refractive indices in the parallel and perpendicular directions. We are interested in several different regimes of the photon frequency and the strength of the external magnetic field:
(i) ω 2m e and B B c : soft X-rays in an external magnetic field that is much weaker than the critical strength. This regime is relevant for the conversion of less energetic ALPs into photons at the radius of conversion ∼ 500r 0 , where B ∼ 10 −5 B c . Since the photon energies are much smaller than m e , the Euler-Heisenberg approximation can be used to calculate the refractive indices. 1: hard X-rays and soft gamma-rays in an external magnetic field that is much weaker than the critical strength. This regime is relevant for the conversion of energetic ALPs with ω ∼ O(100) keV -O(1) MeV into photons at the radius of conversion ∼ 500r 0 , where B ∼ 10 −5 B c . This regime is relevant for the observational signatures considered in this paper.
(iii) ω 2m e and B > B c : hard X-rays and soft gamma-rays in an external magnetic field that is stronger than the critical strength. This regime is relevant for the conversion of energetic ALPs with ω ∼ O(100) keV -O(1) MeV into photons from the magnetar surface to a distance of ∼ 3r 0 .
We now turn to a discussion of the refractive indices in regimes (ii) and (iii), which are relevant for this paper.
Quantum corrections to the photon propagator can be studied using the photon polarization tensor Π µν , defined in the following way [52] 
where A µ is the propagating photon. To evaluate Π µν , we can consider the perpendicular and parallel components of the momentum four-vector k µ . We note that these components are defined with respect to the external magnetic field B, which we take to point in the direction e 1 : k µ = k µ + k µ ⊥ , k µ = (ω, k 1 , 0, 0), and k µ ⊥ = (0, 0, k 2 , k 3 ). The metric tensor can likewise be decomposed into the parallel and perpendicular directions: g µν = g µν + g µν ⊥ , where g µν = diag(−1, +1, 0, 0) and g µν ⊥ = diag(0, 0, +1, +1). We will assume a pure and homogeneous external magnetic field to work out the photon polarization tensor, since taking into account the spatial variation of the magnetic field would be significantly more complicated. This is justified, since the dipolar magnetic field varies at a scale given by the magnetar radius, while the photon wavelength is much smaller in the soft gamma-ray regime. At one loop, the polarization tensor is given by [53] [54] [55] [56] ,
where Φ 0 = m 2 e − i + n 1 k 2 + n 2 k 2 ⊥ , s is the proper time, ν governs the loop momentum distribution, and and η are parameters that tend to 0 + . The external magnetic field appears in the scalar functions N 0 , N 1 , N 2 , n 1 and n 2 . In terms of the variable z = eBs, these functions are given by 
The polarization tensor is most compactly expressed in terms of the projection operators P µν and P µν ⊥ , defined in the following way
in terms of which the tensor can be re-expressed as [53] Π µν (k) = P µν Π + P µν
where
The expression in Eq. B6 is amenable to a perturbative expansion, which we now explore. We first note that a perturbative expansion of Π pert p (where p = , ⊥) in powers of the magnetic field can be obtained by an expansion in powers of (eB) 2n :
with the even powers being due to Furry's theorem, and
Since the limit z → 0 does not admit any poles in the complex s plane for the integrands, the integration over s can be performed on the real positive axis. This yields the following expressions for the Π 
